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I. INTRODUCTION 
Consider the problem of solving the system of differential equations 
du 
z = g(u, 4, u(O) = Y, 
$ = h(u, o), w(x) = x. (1.1) 
Taking the viewpoint of invariant imbedding [l, 21, we regard these equa- 
tions as arising from a one dimensional transport process in which u and v 
.represent the right-hand and left-hand fluxes at an interior point t. 
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FIG. 1 
The absence of t on the right-hand side of (1.1) is equivalent to the assump- 
tion that the rod is homogeneous. Hence, it is sufficient to introduce a single 
reflection function 
Y(Z, y, x) = the reflected flux at x due to an incident flux of 
x at x and an incident flux y at 0. (1.2) 
The problem of expressing the internal fluxes u and v in terms of Y(Z, y, x) 
leads us to some interesting functional equations which generalize the usual 
functional equations associated with the case where g and h are linear in II 
and o; see [3, 41. Limiting forms of these functional equations yield the 
partial differential equations of [5]. 
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II. FUNCTIONAL EQUATIONS 
Referring to Fig. 1 and using the definition of the function Y(z, y, x), we 
obtain immediately the relations 
u(t) = y(v7 y, q, v(t) = Y(U, z, x ~- t). (2.1) 
Furthermore, 
Y(?Y, x) = Y(% u, x - t), y(y, z, x) = Y(Y, 0, t). (2.2) 
Solving the simultaneous equations of (2.1) for u and v, we have the 
generalized semigroup relations. If g and h are linear in u and v, we have 
+, y, x) = @x) + Y T(x), (2.3) 
and (2.1) and (2.2) combine to yield the semigroup relations of [3]. 
Referring to (2.1), letting t+ x and using (l.l), we obtain the partial 
differential equation 
g + w-, 2) g = g(y, x), (2.4) 
with the initial condition Y(Z, y, 0) = y. 
The question of determining the precise region in (x, y, z)-domain within 
which a unique solution of (2.4) exists is an important one which is not 
readily resolved. Even in the conservative case [6], where it is physically 
clear that a solution exists for all X, y, z > 0, there are grave difficulties. 
Consequently, we are tempted to proceed as follows. Suppose that we have 
established by some means, e.g., classical techniques, fixed-point techniques, 
thatasolutionexistaforO<y+z<y,,,O<.x<~,,. 
Let x now be in the interval 0 < x < 2x,, and consider the function 
y(‘(z, y, 4 = Y(? ~($3,42h (2.5) 
where u and o are determined by (2.1) and t = x/2. It is readily verified by 
direct calculation that the right-hand side satisfies (2.4). Hence, by use of 
generalized semigroup relations we have apparently extended the solution 
of (2.4) to a wider region. 
III. DISCUSSION 
The difficulty arises in connection with the solution of the system in (2.1) 
for t = x/2, 
442) = r(+Q), y, $3, V(X/2) = r(u(x/2), z, X/2). (3.1) 
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This is equivalent to the nonvanishing of the Jacobian 
1 - 7, 
ru 1 
= 1 - TUY, . (3.2) 
Since the condition is in terms of the unknown function Y, it is not readily 
usable. The situation is quite analogous to that arising in the study of the 
model equation 
ZC~=Uu$., @(X, 0) = g(x). (3.3) 
The solution is determined by the implicit equation 
u = g(x - ut). (3.4) 
If a unique solution does not exist, we have a “shock.” The analogy between 
“shock” and “criticality” has been pointed out previously [3]. 
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